BMST 2025: p-ADIC NUMBERS
EXERCISE SHEET 4

Exercise 1. (1) Let p # 2 be a prime and let u € Z, such that u =1

mod (p). Show that for any n > 1 not divisible by p, u is an n-th
power in Z.

(2) Let p # 2. Show that there is an element of Z/(p?) that is not a p-th
power; deduce a counterexample to the above for n = p. (Hint: you
might want to show that if v =1 mod (p) then vP =1 mod (p?).)

(3) Let p # 2 be a prime and let u € Z, such that u = 1 mod (p?).
Show that u has a p-th root. (Hint: Write u = 1 + kp? and consider
the element 1+ kp.)

Remark. We actually have the sharper result that « has a p-th root if and
only if u is a p-th power modulo p?.

Exercise 2. (1) Let u € Qp\ {0} and write u = pFv, k € Z, v € Zy.
Show that u is a square if and only if
(i) for p odd, k is even and v is a square modulo p;

(ii) for p =2, kis even and v =1 mod (8).

(2) (If you know about quadratic residues) Denote by (Q))? the multi-
plicative group of non-zero elements which are squares. Show that
for p # 2, Q¥ /(Q))? ~ Z/2Z x L/21.

(3) Show that Q) /(Q))%2 ~Z/2 x Z/2 x /2.

Exercise 3. Factor the polynomial P(X) = X*—7X34+2X24+2X+1 € Z[X]
into a product of irreducible polynomials over F3. Show that P has a root
n Zs.

Exercise 4 (If you know about quadratic residues). Show that the equation
(X2 —2)(X? —17)(X? — 34) has roots in Q, for all p prime and in R, but
not in Q. (Hint: first treat the case of R, Qq, and Q;7, then do a general
argument for Q, using that 34 =2 x 17.)

Exercise 5. (1) Let K be a complete non-archimedean field with a dis-
crete valuation. Let 7 be a uniformizer. Show the following version
of Eisenstein’s criterion: for f = Y }_japX* € Ok[X], if a, # 0
mod (), ar, =0 mod (7) for all k < n and ag Z 0 mod (72) then
f is irreducible in Ok [X] and in K[X]. (Hint: for that last state-
ment, you could need Gauss’ lemma or to reason with the Gauss
norm.)
(2) Deduce that the p-th cyclotomic polynomial ®,, is irreducible over
Qp for p # 2 prime. (Hint: the usual trick is to look at ®,(X +1).)
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Exercise 6. Let K be a complete non-archimedean field and consider the
subring

Ox(T) = {f = aTF € Ok[[T)], |ax| — o}

k—oo

of formal power series with coefficients in Ok converging on the closed unit
ball, i.e. on Og. We also define the analogue in several variables

O (Ty, ..., Tp) == {f = Ty Ty € Og[[To, ..., Toll,  lax] — 0}
k—o0

where k = (ko, ..., kn) denotes a multi-index.
(1) Show that if f € Ok (T) then f' € O (T).
(2) Show that for any f € Og(T), (X +Y) = f(X) + f(X)Y +
R(X,Y)Y? for some R(Tp,T1) € Ok (S, T).
(3) Show that for any f € Og(T) and z,y € O, we have

[f (@) = Fy)] < e —yl.
In particular f defines a uniformly continuous function O — K.
(4) Formulate and prove Hensel’s lemma for f € O (T).

Exercise 7 (Uses Hensel’s lemma for polynomials and the Gauss norm). Let
K be a complete non-archimedean field. Show that if f € Ox[X] is monic,
then
(1) f isirreducible in Ox[X] if and only if it is irreducible in K[X];
(2) if f is irreducible modulo m, then f is irreducible in O [X];
(3) conversely, if f is irreducible in O [X] and has no multiple rootd]
(in an algebraic closure of the residue field) modulo m, then it is
irreducible modulo m.
(4) Find a complete non-archimedean field K and a monic irreducible
polynomial f € Og[X] such that f is not irreducible modulo m.

Exercise 8 (End of classification of locally compact non-archimedean fields.
You need to have read section 9 of the notes, which is essentially self-con-
tained, done the exercise on canonical lifts, and also the previous exercises on
classification of locally compact normed fields.). Let K be a locally compact
non-archimedean normed field with a non-trivial absolute value.

(1) If K is of characteristic p prime, use the exercise on canonical lifts to
conclude that K is isomorphic to F,((7)) with the T-adic absolute
value, for ¢ a power of p.

(2) Let L be a complete non-archimedean normed field of characteristic
0. Show that L contains Q, for a prime p, and that the absolute
value on L restricts to the p-adic absolute value on Q.

(3) Using Riesz’s theorem, deduce that if K has characteristic 0, then it
is a finite extension of Q.

1equivalen‘cly7 if f is coprime to its derivative modulo m



